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ABSTRACT

Numerical modelling of thermo-mechanical residual stresses for laser powder bed fusion is com-
plex and computationally intensive. A novel analytical model is presented here that can compute
the residual stress distributions through a printed part and the baseplate quickly and reliably
using phenomenological modelling. The peak residual stress for each deposited layer, needed
in the model, is computed using scaling analysis. The computed residual stress distributions
are tested with the corresponding independent experimentally measured and numerically com-
puted results. The analytically calculated residual stress distributions are shown to be in good
agreement with the corresponding independent results. The analytical model is shown to be

10,000 times faster than the numerical models.

Nomenclature

ai, by, c1, dq
an, by, ¢, dn

d, dp
E, Eb, Ep]

€ns fns §n> Gns Tn> Sn
H

Hy,

h, hy

n

p

Qp
Q
Ta > Tm > Tp

coefficients for linear interpola-
tion for 1st layer

coefficients for linear interpola-
tion for the nth layer

track length, laser spot diameter
Young’s modulus, Young’s modu-
lus for the baseplate and jth layer
constants in algebraic equations
Heaviside step function

enthalpy at melting

hatch spacing, baseplate height
number of layers

laser power

heat input per unit build volume
volumetric heat input

ambient, melting, and preheat
temperature

layer thickness

scanning speed

width, baseplate width, part width
peak residual stress

coefficient of thermal expansion
difference between the melting
temperature and the preheat tem-
perature

melt pool depth

exponents used for dimensional
analysis of peak residual stress
longitudinal residual stress
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longitudinal residual stresses in
the baseplate, transition zone,
and jth layer respectively after the
deposition of the nth layer

O xnb> O xnt> O xnpj

oy material yield stress
1, T, 3,74, T5  pi-parameters for dimensional
analysis

Introduction

In laser powder bed fusion (LPBF), the soliditying lay-
ers experience repeated cycles of heating and cooling
resulting in the evolution of thermo-mechanical resid-
ual stresses in the finished part [1]. Several researchers
[2-8] used numerical models for the estimation of
residual stresses in LPBE These models provided an
insight into the evolution of residual stresses but their
applications were limited to a few tracks and layers of
small dimensions to keep the computational require-
ments tractable [9,10]. Cheng et al. [7] reported a com-
putational time of around 92h to calculate residual
stresses for LPBF of three 30 pm thick layers of 6 x 6
mm? cross-sectional area. Gibson et al. [11] suggested
that a layer-by-layer numerical simulation for LPBF of
a part size of 200 x 200 x 200 mm? with a layer thick-
ness of 20 um may require up to 89 billion years. An
easy-to-use analytical model that can provide a quan-
titative estimation of the thermo-mechanical residual
stress distribution for LPBF in part scale quickly and
reliably is, therefore, needed but currently not available.
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In contrast to the simulation of layer-by-layer depo-
sition, a lumped layer approach was proposed con-
sidering several successive layers together as a single
equivalent layer with an imposed strain field [12]. As a
result, the lumped layer approach could calculate resid-
ual stresses for LPBF of relatively large parts but the
redistribution of stresses due to the deposition of indi-
vidual layers was ignored [12]. A brief description of
the previous analytical models to compute the thermo-
mechanical residual stresses in LPBF [13-16] is pre-
sented in the supplemental documentation. In short,
they assumed the imposition of tensile stress, equiv-
alent to the material yield stress, due to the thermal
shrinkage of a deposited layer and a linear variation of
strain through the part and the baseplate. This approach
introduces significant errors since the tensile stress is
normally lower than the yield stress.

Here we present an analytical model to compute the
distribution of residual stresses in the printed layers and
baseplate based on the mechanistic principles of equi-
librium of force and moment and consider the peak
residual stress as a function of process variables. The
analytically computed stress distribution through the
thickness of the layers and baseplate is tested against
the corresponding available experimentally measured
and numerically computed results for LPBF of SS316
powder.

Methodology

Figure 1(a-c) schematically shows the evolution of
residual stresses as a molten layer solidifies and cools
down to the ambient temperature. The baseplate expe-
riences a temperature gradient and differential thermal
strain through its thickness due to the deposited layer.
The expansion of the baseplate near its top surface
is restricted by the underlying colder material lead-
ing to compressive and tensile longitudinal stresses at
the top and the bottom, respectively (Figure 1(a)). The
solidification and volume shrinkage of the molten layer
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Figure 1. Schematic illustration of the evolution of residual
stresses in LPBF during the (a) deposition, (b) solidification, and
(c) cooling down of a layer on a baseplate. Height is measured
from the bottom of the baseplate.

) S S
First layer
Transition zone :[5

-

Baseplate

by,
Z b
I_. x  +— Compression |-T-| Tension —»
1

() (R S

T [nfilayer —_—

t] [(@-1)hlayer —

t] [Second Tayer =i

t] [First layer =4

] Transition zone :I:S
by ’
| 1 :5 Baseplate

Z (ag+ay+ ... + an) ;
]_ X +«— Compression Tension —>

(by +by + ... +b)

Figure 2. Schematic presentation of residual stress distribu-
tions through an assembly consisting of (a) a single-layer, base-
plate, and the transition zone, and (b) multiple deposited layers,
baseplate, and the transition zone.

is opposed by the baseplate resulting in tensile and
compressive stresses in the layer and the baseplate,
respectively (Figure 1(b)). The compressive stress in
the baseplate accumulates towards the top and anni-
hilates part of the tensile stresses developed earlier at
the bottom. As the layer and baseplate cool down to
the ambient temperature, the tensile and compressive
residual stresses increase in the layer and the base-
plate, respectively (Figure 1(c)). The sharp transition
of the nature of the stress at the interface between
the layer and the baseplate depends on the melt pool
depth, layer and baseplate thicknesses, and material
properties. Figure 1(c) is illustrated further in Figure
2, which is used to present the proposed analytical
model.

Assumptions

The following simplifying assumptions are made to
keep the analytical model tractable.

(a) The material is homogeneous, isotropic, linearly
elastic, and exhibits constant properties.

(b) The longitudinal component of the residual stress
is predominant [7] and constant along the width
direction. There are no external forces. Fur-
ther, the layer-wise residual stresses are consid-
ered invariant to the edge effect and scanning
strategy.



(c) The melting of each layer is instantaneous. The
melt pool depth and peak residual stress are
functions of process variables but independent of
deposited track and layer numbers.

Analytical modelling

The equilibrium of forces and moments at any cross-
section of an assembly of a build part and baseplate can
be written following the general beam theory as [17]

/axl(z)wdz =0 (1)
/oxl(z)wzdz =0 (2)

where o1 is the longitudinal stress in the x-direction
due to the deposition of layer 1, w is the width of the
baseplate or layer 1, and wdz is an elemental area on
which oy is acting. Figure 2(a) shows a schematic
nature of the longitudinal stresses through a layer and
the baseplate with an intermediate transition region.
Considering the longitudinal stress as a continuous
function of z through the layer and the baseplate thick-
nesses, the integrals in Equations (1) and (2) are eval-
uated separately for the baseplate and the layers. The
stresses through the thickness of LPBF deposited indi-
vidual layers, which are usually around 20 - 100 um
[18], are presumed to be constant [18,19] and expressed
as

oxip1(2) =Y (3)

where 0,1p1(2) is the evolved stress in layer 1 and Y
is the peak tensile residual stress. The stress o x1p1(2)
is balanced linearly through the baseplate with its top
and the bottom experiencing compressive and tensile
stresses, respectively. The stress distribution in the base-
plate is expressed as

ox15(2) = Ep(a1z+ by) (4)

where o415(2) is the longitudinal stress in the x-
direction at any height z measured from the bottom
of the baseplate, Ej is Young’s modulus of the base-
plate material, and a; and b; are constants. The stress
distribution in the transition zone is expressed as

ox11(2) = Ep[ci{z — (hp — 8)} + di] (5)

where 0 1(z) is the longitudinal residual stress in the
transition zone, § is the thickness of the transition zone
and assumed to be equal to the depth of the melt pool,
hy is the height of the baseplate, and ¢; and d,; are
constants.

The residual stresses in the solidified layers and the
baseplate will accumulate with the deposition of new
layers. Following Equations (3-5), the resultant stresses
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in the baseplate, the transition zone, and in the nth layer
are expressed as,

oxnb(2) = Ep Y (aiz + by) (6)

i=1
oxnt(2) = Epleniz — (hy — 8)} + dyl (7)
Gxnpn(z) =Y (8)

where 0 ,5(2), 0xut(2), and o pu(z) are the residual
stresses, respectively, in the baseplate, transition zone,
and the layer n, and a;, b;, ¢, and dj, are constants. The
stress increment in the baseplate and solidified layers
due to the deposition of a new layer is considered as
a linear function of z with slope a; and intercepts b;.
The calculation of the stress increment is done recur-
sively for the deposition of each new layer. Each and
every layer in the part experience different stresses due
to different stress increment imposed on the solidified
layers based on their location and layer number. This
leads to a non-linear distribution of stress in the part
as a whole. The residual stress in a previously deposited
layer j due to the deposition of an upper layer n (j < n)
is, therefore, expressed as

Oxnpj(2) = Y + Ep > (aiz + b)H{(i — j)t — 8} for
(j+1) =i=<n 9)

where 0 yj(2) is the residual stress in any layer j after
the deposition of the nth layer, Ey; is Young’s mod-
ulus of the jth layer, and ¢ is the layer thickness. In
Equation (9), the term H(i — j)t — § is a Heaviside func-
tion, which is zero for (i —j)t —§ < 0 and, unity for
(i—j)t — & > 0. During the deposition of a new layer,
the melt pool can penetrate a few underlying solidi-
fied layers. The remelting of those underlying layers
will nullify the residual stress, which is already devel-
oped earlier in those layers. The summation term in the
right-hand side of Equation (9) therefore accounts for
either cancellation of residual stress in a jth layer due to
its remelting or redistribution of residual stress in case
there is no remelting of the jth layer during deposition
of the upper layers.

Figure 2(b) presents the schematic distribution of
residual stresses through the baseplate and multiple lay-
ers. The deposition of a new layer results in a peak
tensile residual stress (Y) followed by a non-linear stress
accumulation through the underlying layers and a lin-
ear variation of stresses through the baseplate. A gen-
eralised form of Equations (1) and (2) to account for
the residual stress distributions through n layers and the
baseplate is written as,

(hp—3) hy, (hy+1)
OxnbWpdz + / oxwpdz + / Oxnp1 Wpdz
0 (hp—3) hy
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(hp+nt)
+ .+ Ywpydz =0 (10)
(hp+mt)
(hp—9) hy
OxnpWpzdz + / OxntWpzdz
(hp—9)

(=}

(hp+1) (hp+nt)

+ Oxnp1Wpzdz + ... + Ywpzdz

hy, (hp+mt)
=0 (11)

where m = (n— 1), and 0y is the residual stress in
the first layer adjoining the baseplate. In Equation (10),
the first and the second terms account for the forces
in the baseplate and the transition zone, respectively.
The last term in Equation (10) represents the force in
the topmost layer due to a peak tensile residual stress
(Y), and the intermediate terms estimate the forces in
the deposited layers below the topmost one. Likewise,
Equation (11) accounts for the calculation of moments
from the baseplate to the topmost layer. The distri-
butions of residual stresses are computed recursively
by solving Equations (10) and (11) with the stresses
in the baseplate, transition zone, and deposited layers
expressed as Equations (6-9). This is contemplated by
expressing ¢, and d, in Equation (7) in terms of a,, and
b, as the first step,

11Y
I g
Cn 5|:Eb n

E n
+Eibl Z (aihp + bi) H{(i — 1)t — 3}i| (12)
i=2

dy =) {ai(hy — 8) + by} (13)

i=1

Next, Equations (10) and (11) are expressed in the
corresponding algebraic forms as

aney + bnfn =gn (14)
anqn + butn = sy (15)

where the constants e,, fu, gn> gn> Tn> Sn are given in
Appendix. For every new layer deposited, the terms a,
and b, are solved iteratively to find out the overall dis-
tribution of residual stresses. Based on the values of a,,
and by, the residual stress calculated using Equation (9)
in each layer of the part can be either tensile or com-
pressive in nature. A prior estimation of the melt pool
depth (§) and the peak tensile residual stress (Y) for the
deposition of a new layer is required to calculate the
residual stress distributions using Equations (10) and
(11). The scaling analysis for the melt pool depth ()
follows a previous work [20] and is presented in the sup-
plementary document. The scaling analysis to estimate

the peak tensile residual stress (Y) is presented in the
following section.

Estimation of peak residual stress (Y)

The scaling analysis for the estimation of the peak ten-
sile residual stress (Y) in a deposited layer is undertaken
using the Buckingham m-theorem. Table 1 shows the
list of five variables that are considered to affect the
residual stress with their units and dimensions in the
MLT system. The parameter Qp is the heat input per
unit build volume and is estimated as P/(vht), where
P, v, h, and t refer to the laser power, scanning speed,
hatch spacing, and layer thickness, respectively [21].
The ratio Qp/H,, is referred to as the dimensionless heat
input per unit build volume where H,, is the enthalpy at
melting. The variable AT denotes the thermal strain
where B is the coeflicient of thermal expansion or con-
traction and AT is the difference between the melting
temperature and the preheat temperature. The other
parameters in Table 1 include the dimensionless pre-
heat temperature (T/T,), laser spot diameter (dL), and
the deposited track length (d) for a layer. The peak ten-
sile residual stress (Y) is considered in a dimensionless
form as Y/o ), where o is the yield strength of the
powder alloy.

Considering one fundamental dimension L and
a total of six variables as shown in Table 1, five
(6—1=5) w terms (mwy, 7o, 73, T4, and 7s5) are
formed as

Y
Ty = —; (16)
Oy
Q
) = H—i; (17)
T3 = ,BAT; (18)
T
My = F" (19)
ns = d) d* (20)

Applying Buckingham 7 -theorem to solve for the pow-
ers y and y, the term 75 is obtained as
_d
=
The influence of the variables in Table 1 on the peak
residual stress (Y) in a deposited layer is examined

s (21)

Table 1. Parameters used for dimensional analysis of residual
stress (Y).

Parameters Symbol  Unit  Dimension
Dimensionless heat input per unit Qp/Hm - -
build volume
Thermal strain BAT _ _
Dimensionless preheat temperature Tp/Tq - -
Laser spot diameter dp m L
Track length d m L
Dimensionless peak residual stress Yioy - -




to find a suitable relation among 71, 72, 73, 74, and
5. An increase in the heat input per unit build vol-
ume (Qp) results in a greater provision of heat, higher
peak temperature, and greater residual stress [22]. An
increase in the thermal strain (BAT) enhances the
residual stress [23]. A higher value of preheat temper-
ature would reduce the temperature gradient and the
resulting residual stress and thus, an inverse relation-
ship exists between 71 and 4. For a longer track, the
heat accumulation and temperature gradient (AT) will
increase resulting in an increase in the peak residual
stress [7,24]. A material with a higher yield strength
(0y) will pose a greater resistance to thermal strain and
result in higher peak residual stress [22]. The dimen-
sionless peak residual stress 7] is therefore influenced
directly by the terms 75, 73, and 75, and inversely by
4. A set of 25 experimentally measured peak residual
stresses from independent literature for LPBF of §5316
and the corresponding process conditions [25] is used
next to find the best fit functional relation for 71 as a
function of m,, 3 14, and 5, which is expressed in
an explicit form as

0.77
Y s | (Qu/Hn) BAT) (Jdfdy) o
oy (Ty/Ta)

Figure 3 shows the experimentally measured peak
residual stresses from the literature [25] in the form
of (Y/oy), and the best fit line with the correlation
coefficient (R?) as 0.91. The parameter on the right-
hand side in Equation (22) is a product of four dimen-
sionless variables and depicts a scaling factor to cal-
culate the residual stress of a layer in terms of the
yield stress of SS316 powder for a given LPBF con-
dition. The estimated peak tensile residual stress (Y)
from Equation (22) is used as input to Equations (10)
and (11) to calculate the stress distribution through
the printed layers and the baseplate for an LPBF
condition.

S
(Qy/Hy) (BAT) (Jd/dy)
(Ty/T)

Figure 3. Dimensionless peak residual stress as a function of
four dimensionless variables for LPBF of S5316 powder. The best
fit line (in black) is plotted following the least square method
[25].
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Model testing and validation

Residual stress distribution in a single-layer
deposit

The analytical model is tested first to calculate the
residual stress distributions for LPBF of a single-layer
SS316 deposit onto a baseplate, for which numerically
computed residual stresses and distortions, and a com-
parison of the computed and corresponding measured
distortions are reported in the literature [19]. Since
the part distortion is an outcome of evolved residual
stresses through the part and the baseplate and the
combined stiffness of the assembly, the numerically
computed residual stresses in reference [19] are con-
sidered rational for a comparison with the analytically
computed stresses.

Figure 4(a) shows the cross-section of the baseplate
and the deposited layer with a blue dashed line along
which the residual stress distribution is computed using
the finite element method [19]. Figure 4(b) shows the
numerically computed [19] and the corresponding ana-
lytically calculated residual stress distributions. For the
given condition, the melt pool depth (§) and the peak
residual stress (Y) for the deposited layer are estimated
as 209 um and 303 MPa and used as input for the ana-
lytical model calculations.

Figure 4(b) shows that the stress is tensile and con-
stant in the deposited layer, transitions to compressive
through the layer-baseplate interface and changes to
tensile towards the bottom of the baseplate. The analyti-
cally computed values of the peak compressive and ten-
sile stresses are around 215 and 153 MPa, respectively.
The numerically calculated stress distributions show a
similar pattern with the peak tensile stress of 380 MPa
in the layer, the maximum compressive and tensile
stresses of around 173 and 76 MPa, respectively, at the
layer-baseplate interface and bottom of the baseplate
[19]. An overall difference of around 25% is observed
between the analytically calculated and the correspond-
ing numerically computed residual stress distribution.

1.2

(@) Deposited (b) : 'f%
layer §om R T°‘
0.15mm} =——15mm —— | Eosl T Numerical |
L 1 g i ]
= f ! T | Analytical\\ i =
g : -ﬁ) nalytica’ ‘\‘E %
— ! Baseplate ‘5 04k \j 42
AR, 22mm —— T i o
L Compressive | \  Tensile l
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Figure 4. (a) Schematic of a single-layer deposit cross-section
of SS316 powder on a baseplate [LPBF conditions: laser
power = 300 W, laser spot diameter = 600 um, scanning
velocity = 50 mm s—1, layer thickness = 150 um, track
length = 3mm, hatch spacing = 100 um] [19]. (b) Com-
parison of numerically computed [19] and corresponding
analytically calculated longitudinal residual stress distribution

along the blue dashed line.
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The difference is partly due to the errors in the esti-
mation of the melt pool depth (§) and peak residual
stress (Y) following the scaling analyses as well as the
assumptions in the numerical model calculations [19].
A similar order of residual stress and its nature of tran-
sition from tensile to compressive through the printed
layers and layer-baseplate interface are also reported in
the literature for LPBF of SS316 [8,26].

Residual stress distribution in a 100-layer deposit

The analytical model is used next to compute the resid-
ual stress distributions for LPBF of a 100-layer SS316
deposit of 5mm height using the process conditions
from the literature [27]. The authors in reference [27]
have used a two-dimensional finite element method-
based numerical model with lumping of multiple layers
into equivalent ones to compute the stresses. Figure
5(a) shows the cross-section of the baseplate and the
deposit with a blue dashed line along which the stresses
are computed. The melt pool depth (§) and the peak
residual stress (Y) are estimated respectively as 72 um
and 423 MPa and used as input for the analytical model
calculations. The evolution of the stresses is computed
recursively for the deposition of each new layer fol-
lowing Equations (6-11) and shown in Figure 5(b).
The analytically calculated stress distributions through
the layers show very little variations, from 423 MPa
to around 395 MPa, which is attributed to a smaller
number of layers. The numerically calculated stresses
through the layers also show a nearly constant value
of around 528 MPa (Figure 5(b)). The analytically cal-
culated stresses show a sharp transition through the
part-baseplate interface, which can lead to cracking
and premature separation of the part from the base-
plate [28]. The analytical calculations show further a
linear stress distribution through the baseplate with a
tensile stress of around 16 MPa at the bottom of the
baseplate.

The analytical model is used further to calculate
the residual stress distributions considering a 1000-
layer deposit of 50 mm height using the same pro-
cess conditions to illustrate how a non-linear nature
of stresses can evolve with increasing layer numbers.
Figure 5(c) presents the cross-section of the baseplate
and the deposited layers. Figure 5(d) shows a non-linear
nature of the analytically calculated stresses through the
deposited layers that vary from 423 MPa at the topmost
layer to 18 MPa at a height of 15 mm, which increases
again to 169 MPa near the bottommost layer. A sharp
transition of the stresses from tensile to compressive
occurs through the part-baseplate interface followed by
alinear variation of stresses from compressive to tensile
with a tensile stress of around 216 MPa at the bottom
of the baseplate. Figure 5(d) shows that the analytical
model is capable of calculating layer-by-layer evolu-
tions of residual stress distributions through a printed

30

(a) 5 mm (®)
Paﬂ"l—-i‘_Tj m— _ Compressivei Tensile | : _-E
z £ 20 T 1
L,Y Baseplate 20 mm % °
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T &
______ Numerical [27] Analytical 0 L . N
-600 -300 0 300 600
Residual stress (MPa)
© i' mx:_ 70 7 q
60F : (d) §
E SOF Compressive E £
£ 40F E
Part— 50 mm = 40 Tensile b
z 5 30F E
k)
Ly Z 20F < %2
T 10F 3l &
Baseplate | 20 mm gEm T \l .... v
-600 -300 0 300 600

100 mm Residual stress (MPa)

Figure 5. (a) Schematic of a 100-layer S5316 deposit on a base-
plate [LPBF conditions: laser power = 370 W, laser spot diam-
eter = 100 um, scanning velocity = 800 mms~', layer thick-
ness = 50 pm, hatch spacing = 100 um] [27], (b) Comparison
of numerically computed [27] and corresponding analytically
calculated longitudinal residual stress distribution through the
100 layer deposit and baseplate thickness, (c) Schematic of a
1000-layer SS316 deposit on a baseplate considering the same
conditions as above, (d) Analytically calculated residual stress
distribution through the 1000 layer deposit and baseplate thick-
ness.

part of several hundreds of layers, which is deemed
intractable by standard numerical models.

Residual stress distribution in a 200-layer deposit

The analytically calculated residual stresses are fur-
ther validated against the corresponding experimen-
tally measured and numerically computed results for
LPBF of a 200-layer SS316 part on a baseplate as shown
in Figure 6(a) and reported in the literature [29]. The
baseplate in reference [29] exhibits a central hole. The
baseplate height is therefore reduced by half in the ana-
Iytical calculations for an approximate compensation
of the baseplate stiffness. The residual stress distribu-
tion is considered along the blue dashed line in Figure
6(a) and compared with the corresponding experimen-
tally measured [29] and numerically computed results
[29] in Figure 6(b). The neutron diffraction method
is used to measure the residual stresses between 1.75
and 8.25 mm from the part bottom [29]. The melt pool
depth (8) and the peak residual stress (Y) are estimated
as 152 um and 415 MPa, respectively, and used as input
for the analytical model calculations.

The analytically calculated residual stress distribu-
tion through the part shows a non-linear nature sim-
ilar to that reported by experimental measurements
[29] and numerical model calculations [29]. The mea-
sured stress at 1.75 mm below the top surface is around
200 MPa [29] and the corresponding numerically com-
puted [29] and analytically calculated stresses are 250
and 275 MPa, respectively. At a height of 4mm from
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Figure 6. (a) Schematic cross-section of a 200-layer deposit
of SS316 powder on a baseplate [LPBF conditions: laser
power = 250 W, laser spot diameter = 80 um, scanning

velocity = 278 mm s, layer thickness = 50 pm, track

length = 5mm, hatch spacing = 100 pm] [29]. (b) Compari-
son of analytically calculated and corresponding experimentally
measured [29], and numerically computed [29] longitudinal
residual stress distribution along the blue dashed line in Figure
6(a).

the part bottom, the experimentally measured resid-
ual stress is compressive and around 135 MPa [29]. The
corresponding numerically computed [29] and ana-
lytically calculated stresses are also compressive and
around 175 and 40 MPa, respectively. At a location
1.75mm above the part bottom, the measured resid-
ual stress remains compressive and is around 130 MPa
[29]. The corresponding numerically computed [29]
and analytically calculated stress also remain compres-
sive and equal to around 178 and 129 MPa, respectively.
The analytical calculations show further a sharp rise
of the compressive stress to around 499 MPa followed
by a transition to a tensile stress of around 491 MPa
through the part-baseplate interface to the bottom of
the baseplate. Overall, the analytically computed resid-
ual stress distributions show a good agreement with
the corresponding experimentally measured [29] and
numerically computed [29] results except at the centre
height of the part.

Computational time

Table 2 shows the model details, the hardware used,
and the execution run-times for the typical thermo-
mechanical analysis for LPBF of a single and multi-
ple layers using the finite element method [19,27,29].
The calculations for the analytical model are performed
with an 11th-generation core i5 notebook computer
with 8 GB RAM and 4.2 GHz hardware speed and the
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corresponding computational times are also presented
in Table 2.

Table 2 shows that the analytical model is nearly
10* times faster than the numerical models. The ana-
lytical model can consider the effect of the layer-by-
layer deposition of powder alloys including the vari-
ation of the geometric cross-sections. The analyti-
cally computed results of the residual stress distribu-
tion following the mechanistic principles of the equi-
librium of forces and moments show a good accu-
racy, which establishes its usefulness as a practical tool
for the estimation of residual stress distribution for
LPBE

Summary and conclusions

A novel analytical framework is presented and tested
against independent numerical and experimental obser
vations for the calculation of longitudinal residual stress
distribution for LPBF of SS316 alloy. The analytical
model follows the mechanistic principles of equilib-
rium of forces and moments to calculate the distribu-
tion of residual stresses through the deposited layers
and the baseplate. Two unique routes are presented for
the scaling analysis of the melt pool depth and the peak
tensile residual stress for the deposition of a layer, which
are used in the analytical model for the calculation of
residual stress distribution.

The proposed analytical model is further demon-
strated to be computationally efficient as it can provide
the calculated residual stress distributions nearly 10*
times faster than the numerical models. Currently, the
application of numerical models, which calculate the
layer-by-layer distribution of residual stresses, is not
available for LPBF in part scale. The proposed model
can be used as a practical tool to get an overall estima-
tion of the residual stress distribution without the need
for complex calculations and expensive computers.

Based on the present work, the following points are
concluded.

(1) A direct analytical estimation of the residual stress
distributions through the deposited layers and the
baseplate following the mechanistic principles of
equilibrium of forces and moments is a viable
option for LPBF in part scale. The proposed analyt-
ical model is unique and provides the distributions

Table 2. Execution times to compute residual stress distributions for LPBF of single and multi-layer builds using numerical models

[19,27,29] and proposed analytical model.

Simulation details

Single-core equivalent run time (h)

Dimension (mm?3) Computed layers Nodes Elements Hardware speed Numerical Analytical
35x15x0.15 1 111,908 63820 ~8.4[19] 0.0003
50 x 5 x50 100 495,504 494010 4.2GHz ~29.4% [27] 0.0833
20 x 10 x 10 200 344,750 329250 ~9280° [29] 0.0150

aEstimated based on 2-D plane stress finite element simulation.
bEstimated based on element count and number of layers.



8 (& KKHANETAL.

)

3)

4)

of residual stresses for LPBF of all size deposits
with fair accuracy.

The melt pool depth and the peak tensile residual
stress for the deposition of a layer are estimated by
using scaling analysis and provided as input to the
analytical model. These are developed using simple
dimensional analysis and a fairly large volume of
data from the literature for a wide range of process
conditions in laser powder bed fusion of SS316.
The analytically calculated residual stress distribu-
tions are in good agreement with the correspond-
ing reported numerically computed and experi-
mentally measured results.

The analytical model can calculate the distribu-
tions of residual stresses for laser powder bed
fusion much faster than the available numerical
models. For example, the residual stress distribu-
tion for laser powder bed fusion of a build volume
of 78 mm? can be analysed in about one second
using a core i5 notebook computer with 8GB RAM.
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Appendix

Evaluations of coefficients for Equations (14)
and (15)

The integrals in Equations (10) and (11) are evaluated after
obtaining the stresses from Equations (6-9) and writing the
coefficients ¢, and d,, in terms of the coefficients a, and b,
using Equations (12) and (13). Equations (10) and (11) are
finally rearranged into two algebraic equations in terms of the
coefficients a, and b, as given in Equations (14) and (15). The
coefficients in Equations (14) and (15) are ey, fu> £n> Gn> Tn> Sn
and given as

Ep
en = hy(hy — 8) + Ehhﬁ H(mt —§)

m

wpt Epi . Y
o ; ET,[{Zhb + Qi — D)t} H{(n — i)t — 8}]
(A1)
Epl
fn = Qhy — 8) + =8 H(mt — 8)
Eyp
+%Z@H{(n—i)t—6} (A2)

Wp Ep

i=1
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Y 2wyt
Ey, wy
qn = 2l — 3158 + hyd?)

In = (A3)

Ep
+ —{hy6(3hy, — 8)} H(mt — §)
Eyp

2wy <~ Epi N3 TN
+W—b;E—b[{(hb+zt> (hy + (i — 1))}

H{(n — i)t — 8}] (A4)
rn = (3h3 — 3y + 6%)

Ep
+ —{8(Bhy — )} H(mt — §)
Ey

3w x~ Epi N2 L2
+w—b;E—h[{(hb+zt> (hy + (i — D)%)

H{(n — i)t — 8}] (A5)
Sp = —X [w{zhh + (2n — l)t}] (A6)
Ey | wy

where m = (n—1).
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