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Improving reliability of heat and fluid flow
calculation during conduction mode laser spot
welding by multivariable optimisation

A. De*1 and T. DebRoy2

Several uncertain parameters affect the reliability of heat transfer and fluid flow calculations during

conduction mode laser spot welding because their values cannot be prescribed from fundamental

principles. These parameters include absorptivity of the laser beam, effective thermal conductivity

and effective viscosity of liquid metal in the weld pool. Values of these parameters are usually

adjusted by trial and error so that the computed results agree with the corresponding experimental

values. Here it is shown that by integrating multivariable constrained optimisation with convective

heat transfer and fluid flow calculations, the values of the uncertain parameters can be obtained from

a limited volume of experimental data. The optimisation technique requires numerically calculated

sensitivity values of weld dimensions with respect to absorptivity, effective thermal conductivity and

effective viscosity and minimises the discrepancy between the predicted and the measured weld

dimensions. The numerical heat transfer and fluid flowmodel embodying the optimised values of the

uncertain parameters could accurately compute values of weld dimensions for new welding

conditions. Reliability of heat transfer and fluid flow calculations can be significantly enhanced by

determining the values of uncertain parameters from a limited volume of experimental data using a

multivariable optimisation technique with a numerical heat transfer and fluid flow model.

Keywords: Laser beam welding, Heat transfer, Fluid flow, Conduction mode, Multivariable optimisation

Introduction
Numerical calculations of heat transfer and fluid flow
during fusion welding have been used to calculate peak
temperature, weld thermal cycle, cooling rate and weld
pool geometry.1–6 The computed thermal cycles have
been used for offline estimation of weld metal phase
composition,7–13 grain structure,14 topology,15 inclusion
structure,16–18 solute concentration19 and weld metal
composition change owing to both vaporisation of
alloying elements20,21 and dissolution of gases.22,23

These calculations have enabled detailed understanding
of physical processes during spot welding24,25 and
complex weld joint geometry.26–30 The equations of
conservation of mass, momentum and energy provide a
reliable phenomenological description of the physical
processes in the weld pool. However, transport phenom-
ena based numerical models of weld pool are not widely
used for designing and manufacturing purposes. There
are several reasons for the restricted use of these
powerful models. An important difficulty is that all
the necessary input variables cannot be prescribed

accurately from fundamental principles. The reliability
of the numerical solution of the transport phenomena
based models are affected by the uncertainty in the
values of several input parameters.

Many input parameters for numerical simulation of a
conduction mode laser spot welding can be easily
specified. These include beam power, focused beam
diameter and thermophysical properties of the material
being welded. However, a reliable value of absorptivity
cannot be specified apriori because it depends on the
surface finish of the specimen, mode of welding, i.e.
keyhole or conduction mode, and the temperature
distribution on the weld pool.31 An accurate value of
absorptivity is needed for the calculation of the rate
of heat absorption by the substrate. Similarly, the values
of effective thermal conductivity and effective viscosity
of weld pool are difficult to specify without solving
additional partial differential equations.32–34 The two
equation k–e turbulence model is sometimes used for the
estimation of the effective viscosity and effective thermal
conductivity in the weld pool.32–34 However, the k–e
turbulence model contains several empirical constants
that were originally estimated to model parabolic fluid
flow in large systems. Their applicability for strongly
elliptic recirculating flows in very small weld pools has
never been rigorously examined. Furthermore, the use of
a turbulence model significantly increases the volume
and complexity of computations. Appropriate values of
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effective thermal conductivity and effective viscosity
provide a practical recourse for reliable modelling of the
high rates of transport of heat, mass and momentum in
weld pools with strong fluctuating velocities.

Because the effective thermal conductivity and viscos-
ity are system properties,32–34 their values and the
uncertain value of absorptivity are determined in the
present work from a limited volume of measured weld
pool dimensions for conduction mode laser spot weld-
ing35 utilising an optimisation algorithm and a numerical
heat transfer and fluid flow model. The optimisation
algorithm minimises the error between the predicted and
the experimentally observed penetrations and the weld
widths by tracking the sensitivity of the computed weld
pool dimensions on the values of absorptivity, effective
thermal conductivity and effective viscosity. The sensi-
tivity terms are calculated by running the heat transfer
and fluid flow model several times for each measurement
considering small changes in the absorptivity, effective
thermal conductivity and effective viscosity.36,37 Although
similar efforts related to weld pool characteristics have
been reported in the recent past,38–42 the present work
differs from the previous work in an important issue. In
the optimisation work reported here, an important
constraint is that the model inputs and the outputs are
related through the phenomenological laws of conser-
vation of mass, momentum and energy. Not only do
the solutions confirm to the reality of experiments, but
also they obey the phenomenological laws.

Heat transfer and fluid flow simulation
The movement of molten metal in weld pool in three-
dimensional Cartesian coordinate system is represented
by the following momentum conservation equation43

r
Luj
Lt

zr
L(uiuj)
Lxi
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L
Lxi

m
Luj
Lxi

� �
zSj (1)

where r is the density, t the time, xi the distance along the
i51, 2 and 3 directions, uj the velocity component along
the j direction, m the effective viscosity and Sj the source
term for the jth momentum equation and is given as25,44
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where p is the pressure, fL the liquid fraction, B a
constant introduced to avoid division by 0 and C
(51.66104) a constant that takes into account mushy
zone morphology and Sbj represents both the electro-
magnetic and buoyancy source terms. The third term on
the right hand side (RHS) represents the frictional
dissipation in the mushy zone according to the Carman–
Kozeny equation for flow through a porous med-
ium.45,46 The pressure field was obtained by solving
the following continuity equation simultaneously with
the momentum equation

L(rui)
Lxi

~0 (3)

the total enthalpy H is represented by a sum of sensible
heat h and latent heat content DH, i.e. H5hzDH where

h~
Ð
CpdT , Cp is the specific heat, T is the temperature

and DH5fLL where L is the latent heat of fusion and the
liquid fraction fL is assumed to vary linearly with

temperature in the mushy zone47

fL~
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where TL and TS are the liquidus and solidus tempera-
ture, respectively. The thermal energy transport in the
weld workpiece can be expressed by the following
modified energy equation25,47
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where k is the thermal conductivity. The effective thermal
conductivity in the liquid weld pool is also a property of the
specific welding system and not a fundamental property of
the liquid metal. Therefore, the value of the effective
thermal conductivity is not known. Because the weld is
symmetrical about the weld centreline, only half of the
workpiece is considered. The weld top surface is assumed to
be flat. The velocity boundary condition is given as47
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where u, v and w are the velocity components along the
x, y and z directions, respectively, c is the surface tension
and T is the temperature. The w velocity is 0 because the
liquid metal is not transported across the weld pool top
surface. The heat flux at the top surface is given as
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where rb is the laser beam radius, d the beam distribution
factor, P the laser beam power, g the absorptivity, s the
Stefan–Boltzmann constant, hc the heat transfer coeffi-

cient and Ta the ambient temperature. The first term on
the right hand side is the heat input from the heat
source, defined by a Gaussian heat distribution. The

second and third terms represent the heat loss by
radiation and convection, respectively. The boundary
conditions are defined as zero flux across the symmetric

surface (i.e. at y50) as25,47

Lu
Ly

~0, v~0,
Lw
Ly

and
Lh
Ly

~0 (8, 9)

at all other surfaces, temperatures are taken as ambient
temperature and the velocities are set to 0.

In order to investigate the combined effects of laser
power, spot diameter and substrate thermophysical
properties, a unified non-dimensional heat input index
NHI is constituted as

NHI~

P
pr2

b

� �
tonð Þ 1

d

� �
rCPS(TL{Ta)zrL

(10)

where P is the laser power (W), rb the spot radius (m),
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ton the laser on-time (s), d the substrate thickness (m),
a the thermal diffusivity (m2 s21), r the density
(kg m23), CPS the specific heat of the solid metal
(J kg21 K21), L the latent heat of fusion (J kg21) and
TL and Ta are the liquidus and ambient temperatures
(K), respectively. In equation (1), the numerator can be
considered as the total incident laser power per unit
volume. The denominator depicts the enthalpy required
to heat a unit volume of metal from ambient tempera-
ture to liquidus temperature. It can be noted that the

expression P=pr2b in the numerator of equation (1), when

multiplied by the absorptivity g, will depict the actual
absorbed heat flux.

Table 1 depicts six sets of measurements of weld
dimensions and the corresponding welding parameters
that have been used in the present investigation. The
chemical compositions of the steels used are presented in
Tables 2 and 3. The thermophysical properties of steel
are given in Table 4. The optimised values of absorptiv-
ity, effective thermal conductivity and effective viscosity
were tested by comparing the computed weld dimen-
sions with the corresponding experimentally determined
values for welding conditions different from those used
in the optimisation.

Optimisation procedure
The goal of the optimisation process is to determine
the three important uncertain parameters which are
laser beam absorption coefficient, effective thermal

conductivity and effective viscosity. It is difficult to
optimise more than two parameters by trial and error.
Furthermore, commercial optimisation programs are
also not appropriate for the current problem for two
reasons. First, the necessary coupling of a commercial
software with a three-dimensional heat transfer and fluid
flow code is not a trivial task. Second, the contents of the
commercial codes are often not adequately disclosed. In
contrast, the coupling of a gradient based optimisation
technique with a heat transfer and fluid flow code is
straightforward and the use of this optimisation
technique does not suffer from the lack of transparency
of the commercial codes.

The Levenberg–Marquardt (LM) method which is a
gradient based multivariable optimisation technique has
been used in the work reported here. A detailed
description of this technique is available39–42 in the
literature and is not repeated here. Only its specific
application of the determination of absorptivity, effec-
tive thermal conductivity and effective viscosity are
discussed in brief. An objective function embodying the
difference between the computed and the measured
values of weld dimensions is minimised. Because the
weld dimensions are linked with the values of the
absorptivity, effective thermal conductivity and effective
viscosity, their values affect the objective function. The
search for the optimised values of unknown parameters
follows the direction of the objective function gradient
with step size modification by an adjustable parameter
in subsequent iterations.48–51 The objective function O(f)

Table 1 Measured weld dimensions, welding parameters35 and heat input index

Data set index Laser power, W Spot radius, mm Laser on-time, s NHI Weld penetration, mm Weld width, mm

1 1900 1.40 5.0 5.87 0.60 2.20
2 3500 1.40 15.0 32.44 1.50 4.20
3 3850 1.40 5.0 11.89 1.10 4.00
4 5000 1.10 15.0 75.04 1.83 5.50
5 5200 1.40 5.0 16.06 1.45 5.30
6 5200 1.35 15.0 51.84 1.75 5.50

Table 2 Chemical composition of steel used for welding experiments (for data set index 1, 3, 4, 5 and 6),35 wt-%

C Cr W Mo V Co Mn Si S O Ti N Al Fe

0.87 3.89 6.36 4.87 1.80 4.57 0.24 0.53 0.002 0.0049 ,0.01 0.032 ,0.005 Bal.

Table 3 Chemical composition of steel used for welding experiments (for data set index 4),35 wt-%

C Cr W Mo V Co Mn Si S O Ti N Al Fe

0.90 3.89 6.30 4.87 1.77 3.89 0.23 0.32 0.008 0.0035 ,0.005 0.032 0.015 Bal.

Table 4 Data used for calculations of temperature and velocity fields35

Physical property Value

Liquidus temperature TL, K 1630.0
Solidus temperature TS, K 1620.0
Ambient temperature Ta, K 293.0
Density of liquid metal r, kg m23 8100.0
Thermal conductivity of solid kS, W m21 K21 25.08
Thermal conductivity of liquid kL W m21 K21 25.08
Specific heat of solid CPS, J kg21 K21 627.0
Specific heat of liquid CPL J kg21 K21 723.0
Enthalpy of solid at melting point, kJ kg21 1045.0
Enthalpy of liquid at melting point, kJ kg21 1315.0
Temperature coefficient of surface tension dc/dT, N m21 K21 20.561023

Coefficient of thermal expansion b, K21 1.061025

Viscosity of molten iron at 1823 K mfl, kg m21 s21 6.761023

De and DebRoy Heat and fluid flow calculation during conduction mode laser spot welding
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is defined as

O fð Þ~
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(11)

where pcm and wc
m are the penetration and the width of the

weld pool computed by the numerical heat transfer and

fluid flow model, respectively and pobsm and wobs
m are the

corresponding measurements at similar welding condi-
tions. p�m and w�

m are non-dimensional penetration and

weld width defined by equation (11). In equations (11), the
subscript m refers to a specific weld in a series of M
number of total welds and f corresponds to the given set of
three unknown parameters in non-dimensional forms as

ff g: f1 f2 f3f g: k� m� gf g

: keff
kS

m
mfl

g
n o

(12)

where kS, mfl, keff, m and g are thermal conductivity of
solid material at room temperature, viscosity of molten
iron at 1823 K, effective thermal conductivity, effective
viscosity of liquid metal and absorptivity, respectively.
Assuming that O(f) is continuous and has a minimum
value, the LMmethod tries to obtain the optimum values
of f1, f2 and f3 by minimising O(f) with respect to them. In
other words, equation (11) is differentiated with respect to
f1, f2 and f3, and each derivative is made equal to 0 as

LO fð Þ
Lfi

� �
i~1,3

~

2
XM
m~1

p�m{1
� � Lp�m

Lfi
z

XM
m~1

w�
m{1

� � Lw�
m

Lfi

" #
i~1,3

~0

(13)

where fi represents k*, m* or g. The variables p
c
m and wc

m in

equation (13) are obtained from the numerical heat transfer
and fluid flow calculations for a certain set of f1, f2 and f3,
i.e. k*, m* and g. The partial derivatives in equation (13) are
defined as the sensitivity of the computed weld width and
penetration with respect to the unknown parameters and
these are computed numerically. For example, the sensi-
tivity of p�m with respect to f1 is calculated as

Lp�m
Lf1

~

p�m f1zdf1, f2, f3, other known parametersð Þ{

p�m f1, f2, f3, other known parameterð Þ

" #
=df1

(14)

where df1 is very small compared with f1. The solution of
equation (13) is achieved when the calculated values of pcm
and wc

m are close to the corresponding measured values of

pobsm and wobs
m , i.e. both p�mand w�

m become close to one for

allM welds. Equation (13) does not explicitly contain f1, f2
and f3. Therefore, equation (13) is rearranged so that it can
serve as a basis for an iterative scheme to evaluate the
optimum values of f1, f2 and f3. The procedure is explained
in the Appendix. The final form of equations to be solved is

S½ � Df k
	 


~{ S�f g (15)

where f kz1
i

	 

~ f ki

	 

z Df ki

	 

for i~1,3 (16)

and f kz1
i

	 

refers to the three unknown increments after

(kz1)th iteration. Equation (15) provides the solution

of the three unknown increments, Df ki
	 


corresponding

to the three unknown parameters. Furthermore, a
manual damping factor is used that continually tracks
the search step (or increment) so that the optimal
solution cannot move away from the last computed
minimum value of the objective function.

Results and discussion
Obtaining the optimum solutions of the three unknown
parameters requires the computation of a set of sensi-
tivity terms Sij defined by equation (42). These terms
depict the influence of variation of the unknown
variables on the dimensionless penetration and weld
width. Figure 1a and b depicts a number of isocontours
of the dimensionless width w*m and penetration p*m as a
function of k* and m* for g50.10 corresponding to data

1 Influence of k* and m* on a p*m and b w*m with

assumed absorptivity g as 0.10: welding parameters

P53850 W, rb51.4 mm and laser on-time55.0 s

De and DebRoy Heat and fluid flow calculation during conduction mode laser spot welding
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set #3 in Table 1. Figure 1a shows that w*m decreases
with increasing k* and/or m* and Fig. 1b depicts that p*m
decreases with decreasing k* and/or m*. When both p*m
and w*m are 1, p c

m equals to p obs
m and wc

m equals to wobs
m ,

and the calculated results agree with the corresponding
measured values. A comparison of Fig. 1a and b reveals
that smaller values of k* and m* favour better prediction
for weld width while greater values of k* and m* tend to
provide more reliable prediction for penetration. The
penetration pcm increases with k* because high values of
thermal conductivity facilitate rapid heat transport in
the downward direction. However, the higher thermal
conductivity also reduces the surface temperature
gradient and the radial convective heat transport and
consequently, wc

m decreases. Higher values of m* lowers
radial convection and the convective heat flow resulting
in higher peak temperature and smaller value of wc

m. The
higher peak temperature also enhances downward heat
conduction and increases pcm. In addition, as k* is
progressively increased, conduction becomes the domi-
nant mechanism of heat transfer and changes in m* do
not significantly alter either the peak temperature or the
convective heat transfer rate. Therefore, the computed
weld pool dimensions do not change significantly with
m* at high values of k* as observed in Fig. 1a and b. It
should be noted that for a particular measurement, pobsm

and wobs
m remain the same while the predicted values of

weld dimensions, i.e. pcm and wc
m, vary as the values of k*

or m* change, thereby changing the values of p�m and w�
m.

In addition to the variation in k* or m*, change in the
absorption coefficient g will also influence the computed
values of weld width and penetration presented in Fig. 1a
and b. An increase in g implies greater amount of
absorbed heat flux [equation (8)] by substrate leading to
higher peak temperature and temperature gradient, and
larger computed weld pool dimensions for a specific set of
k* and m*. In contrast, a decrease in g will tend to smaller
values of peak temperature and computed weld pool
dimensions for a specific set of k* and m*. Such combined
influences of k*, m* and g on computed weld dimensions
are presented next in Figs 2 and 3. The results show the
dependence of the objective function O( f ) [equation (11)]
on k* and m* respectively for g50.10, 0.13 and 0.18
corresponding to data set #4 in Table 1. It should be
noted that O( f ) denotes the error in prediction of weld
dimensions in non-dimensional form. Three points are
worth noting in Fig. 2a–c. First, with increasing g, lesser
values of k* and m* tend to reduce the value of O( f )
although the minimum achievable value of O( f ) will
depend on the specific g. Second, for a specific combina-
tion of k* and m*, the value of O( f ) can vary considerably
for small change in g. Lastly, corresponding to this specific
welding condition, the most suitable value of g appears to
lie around 0.13 (Fig. 2b). The influence of g along with k*
and m* on O( f ) is possible to explain. For a particular
beam power density and specific combination of k* and
m*, an increase in g simply increases the absorbed heat flux
by the substrate and therefore, the computed weld
dimensions will increase. In contrast, a decrease in g
reduces the absorbed heat flux by the substrate and
therefore, the values of the computed weld dimensions will
decrease. In both cases, because p*m and w*m deviate from
their target unit values, the value of O( f ) will increase.

Figure 2a–c also includes a straight line that needs
further attention. Consider an isocontour of the objective

2 Influence of k* and m* on O(f ) for absorptivity g values

as a 0.10, b 0.13 and c 0.18: welding parameters

P55000 W, rb51.1 mm and laser on-time515.0 s

De and DebRoy Heat and fluid flow calculation during conduction mode laser spot welding
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function with a value of 0.02 in Fig. 2b. Graphically, this
contour indicates that a number of combinations of k* and
m* can lead to satisfactory numerical prediction of weld
dimensions, O( f )50.02, when g50.13. However, because
there are multiple solutions, a specific combination must be
chosen from many possibilities. Furthermore, a physically
meaningful choice needs to be made. A helpful constraint is
the commonly accepted value of turbulent Prandtl number
defined as

PrT~
mTCPL

kT
(17)

where meff5mflzmT and keff5kLzkT; mT and kT are the
turbulent viscosity and thermal conductivity that can be
considered to be accounting for the fluctuating fluid velocity
within the weld pool. Because PrT is commonly24–25

prescribed as 0.9, Fig. 2a–c includes a dashed line corre-
sponding to PrT50.9 and the most suitable value of k* and
m* would allow O( f ) to remain close to the dashed line.

Figure 3a–c shows the influence of k* and m* on the
objective function O( f ) for three values of g 50.10, 0.13
and 0.18. Values of other parameters correspond to data set
#1 in Table 1. It is observed that as the value of g increases,
smaller values of k* and m* provide better prediction of
weld dimensions, i.e. lesser values of O( f ). Furthermore,
the values of O( f ) are significantly lower at g50.13 for any
combination of k* and m*. These observations are
consistent with the results shown in Fig. 2.

The results plotted in Figs 2 and 3 correspond to
non-dimensional heat input index NHI [equation (1)]
values of 300.7 and 70.5, respectively (Table 1). A
comparison of Figs 2 and 3 clearly indicates a common
range of the unknown parameters (Figs. 2b and 3b) even
with large variation in the values of NHI. Considering
the fact that NHI is directly linked with the amount of
heat input to the substrate, the fact that g, k* and m*
do not show any dependence on NHI requires some
discussion. Although a linear relation of k* and m* with
a similar heat input index was reported earlier in the case
of linear laser welding,37 the same does not appear to be
inherent in laser spot welding. One possible reason can
be stated as the transient nature of the spot welding
process in contrast to the pseudosteady state of the weld
pool in linear laser weld. The melting and subsequent
solidification of weld pool in the case of laser spot
welding are too rapid to be influenced by the change in
convective heat transport owing to the increase in laser
power density (NHI). A common set of optimum values
of k* and m* over the whole range of NHI considered
in the present work are therefore determined. Further-
more, the actual value of g greatly depends on the mode
of laser welding and all the welds considered in the present
work were fabricated in conduction mode. Therefore, a
single optimum value of g for the complete range of NHI

considered here does not appear unrealistic.

A set of initial values of g, k* and m* are necessary to
start the optimisation calculations. Three measured weld
pool dimensions (data set index #1, #3 and #4 in
Table 1) are used to check the robustness of the
proposed calculation scheme. Figures 1–3 indicate that
the expression LO fð Þ=Lfi½ �i~1,3 does not necessarily
confirm to a continuous, convex or concave type
function and the solution of equation (15) may exhibit
multiple local minima. To address this difficulty, the
optimisation calculations are performed with a number

3 Influence of k* and m* on O(f ) for absorptivity g values

as a 0.10, b 0.13 and c 0.18: welding parameters

P51900 W, rb51.4 mm and laser on-time55.0 s

De and DebRoy Heat and fluid flow calculation during conduction mode laser spot welding
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of initial values in the ranges of 0.10–0.50, 1.0–10.0 and
1.0–40.0 for g, k* and m*, respectively. Furthermore,
each optimisation iteration involves a number of
numerical heat transfer and fluid flow calculations for
the evaluation of terms such as LO fð Þ=:Lfi½ �i~1,3. The
optimisation scheme indicated here is computationally
intensive as can be appreciated from the number of
numerical heat transfer and fluid flow calculations N
required for one optimisation iteration is given by

N~ L|Mð ÞzM (18)

where L is the number of unknown variables and M the
number of weld measurements. In equation (18), the first
and second terms on the right hand side indicate the
number of numerical heat transfer and fluid flow calcula-
tions required for sensitivity calculation and for testing,
respectively. The optimised values of the three unknown
parameters so obtained were next used for the numerical
calculation of weld pool dimensions for the same data sets
(#1, #3 and #4) as well as for the data sets #2, #5 and #6
(Table 1) that were not known to the optimiser.

Figure 4a–f presents the results of the optimisation
calculations for six different sets of initially guessed values
(Table 5) of the three unknown parameters, i.e. k*, m* and
g. These figures show that the minimum attainable value
of O( f ) is rarely affected by the choice of the initial values.
A minimum value of O(f) (<0.10175) was obtained for all
the six sets of initial values of the unknown parameters.
The value of O(f) could not be reduced below 0.10175 with
various other sets of initial guesses. The results in Fig. 4a–
f also show that the number of iterations to converge to a
minimum value of O( f ) tends to depend on the initially
guessed values. This behaviour is probably expected
because O( f ) does not truly represent a convex type of
function. For example, it required two iterations to
converge to the minimum value of O( f ) with the first
set of initially guessed values (Fig. 4a). Similarly, the
second, fourth and fifth sets of initial guesses required
three iterations while the third and sixth sets of initial
guesses took four iterations to converge to the minimum
value of O( f ). The final optimum solutions of k*, m* and g
were 8.12, 31.94, and 0.1326, respectively for O( f ) of
y0.10175. The values of these parameters were nearly the
same irrespective of the initial guessed values. In other
words, an effective conductivity of 203 W m21 K21 and
effective viscosity of 0.214 kg m21 s21 are obtained as the
optimum properties while the optimum value of the
absorptivity is found to be 0.1326.

The computed values of p*m andw*m using the optimised
values of g, k* and m* are plotted in Fig. 5 for all values of
NHI. A fairly satisfactory agreement is obtained between
the computed and the measured weld dimensions. Values
of g, k* and m* estimated in the present work are
consistent with their earlier approximations reported in
the literature. For example, values in the range of 30–100
for both k* and m* were approximated through trial and
error to achieve good agreement between the computed

and the measured weld dimensions.32 When the k–e
turbulence model with a spatially variable effective
viscosity was used, a maximum value of 16 for m* was
reported to be suitable for stationary gas tungsten are
(GTA) weld pool.52 Although a slight variation of g with
laser power was reported earlier based on analytical and
experimental studies,53 the estimated value of g in the
present work is in good agreement with other previous
works.35 The values of g, k* and m* are apparent for the
specific conditions of welding considered here while a
similar approach can always be adopted for other welding
conditions.36,37 Because g, k* and m* are linked with p*m
and w*m through the equations of conservation of mass,
momentum and energy rather than through a straightfor-
ward polynomial function, local minima have been
avoided by repeating the procedure with several sets of
initial values. The framework presented in the present
work for determining the uncertain parameters will result
in enhanced reliability and is expected to significantly
reduce end user’s task in the numerical modelling of heat
transfer and fluid flow in the weld pool.

Figure 6 shows that the computed weld cross-section
obtained using the optimum values of absorptivity,
effective thermal conductivity and effective viscosity is in
fair agreement with the corresponding experimental
measurements. The calculated results also show the
temperature contours and the computed velocity field.
The computed velocity field shows that the liquid metal
is transported from the middle of the pool outwards to
the periphery owing to negative temperature coefficient
of surface tension. These calculated results are consistent
with the typical temperature and velocity fields for laser
spot welds reported in the literature.

Summary and conclusions
The optimised values of laser beam absorptivity, effective
thermal conductivity and effective diffusivity were
determined from a limited volume of experimentally
measured weld dimensions. The calculation procedure
involved augmentation of a multivariable optimisation
scheme with a numerical heat and fluid flow model, and
the combined model improved the reliability of the heat
transfer calculations while eliminating the end user task
of empirically adjusting the uncertain variables. The
gradient based Levenberg–Marquardt optimisation tech-
nique could determine the optimum values of absorptiv-
ity, effective thermal conductivity and viscosity.When the
optimum values of these parameters were used in the heat
transfer and fluid flow model, accurate values of weld
geometry could be predicted. The initially guessed values
of unknown parameters affected the number of iterations
needed for convergence but not the optimum values of the
unknown parameters. The values of effective thermal
conductivity and effective viscosity were found to be
much higher than their corresponding molecular values.
The use of the optimised values of absorptivity, effective
thermal conductivity and effective viscosity resulted in
good agreement between the computed and the experi-
mentally determined fusion zone geometry without the
need to adjust these parameters by trial and error.

Appendix
In order to explain the basic concept of the LM
method, a simplified system involving three unknown

Table 5 Sets of initial guesses for unknown parameters
k*, m* and g

Set 1 Set 2 Set 3 Set 4 Set 5 Set 3 Final value

k* 4.0 1.0 10.0 2.0 5.0 3.5 8.12
m* 10.0 5.0 40.0 2.0 5.0 4.5 31.94
g 0.10 0.2 0.30 0.2 0.5 0.45 0.1326
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a k*54.0, m*510.0, g50.1; b k*51.0, m*55.0, g50.2; c k*510.0, m*540.0, g50.3; d k*52.0, m*52.0, g50.2; e k*55.0,

m*55.0, g50.5; f k*53.5, m*54.5, g50.45
4 Progress of calculations with initial guessed values
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parameters f1, f2 and f3, and one dependent variable p*m
measured under three welding conditions is considered
first. Equation (13) can be written for f1, f2 and f3 as

X3
m~1

p�m{1
� � Lp�m

Lf1

� �
~0 (19)

X3
m~1

p�m{1
� � Lp�m

Lf2

� �
~0 (20)

X3
m~1

p�m{1
� � Lp�m

Lf3

� �
~0 (21)

the terms, i.e. k* and m* and g, do not appear explicitly in
equations (19), (20) and (21). Therefore, the solution of f1,
f2 and f3 requires some rearrangement of those equations.
The dependent variable p�m is next expanded using the

Taylor’s series expansion to explicitly contain values of
increments, and f1, f2 and f3. Considering two successive
iterations of p�m and taking only the first order terms

p�m
� �kz1

~ p�m
� �k

z
L p�m
� �k
Lf1

Df k1

z
L p�m
� �k
Lf2

Df k2 z
L p�m
� �k
Lf3

Df k3 (22)

where Df k1 , Df
k
2 and Df k3 are three unknown increments

corresponding to f1, f2 and f3 as

f kz1
1 ~f k1 zDf k1
f kz1
2 ~f k2 zDf k2
f kz1
3 ~f k3 zDf k3 (23)

and f kz1
1 , f kz1

2 and f kz1
3 correspond to the values of

three unknowns after (kz1)th iteration. In equation (22),

all other terms on the right hand side except Df k1 , Df
k
2 and

Df k3 are considered to be known. Next, equations (19),

(20) and (21) are rewritten replacing p�m by p�m
� �kz1

as

X3
m~1

p�m
� �kz1

{1
h i (Lp�m)kz1

Lf1

( )
~0 (24)

X3
m~1

p�m
� �kz1

{1
h i (Lp�m)kz1

Lf2

( )
~0 (25)

X3
m~1

p�m
� �kz1

{1
h i (Lp�m)kz1

Lf3

( )
~0 (26)

however, p�m equals to pcm=p
obs
m and although pobsm is a known

measured value, pcm is to be computed using the numerical
heat transfer and fluid flow calculation for a set of f1, f2, f3

and other known parameters. Therefore, p�m
� �kz1

, i.e. the

value of p�m after (kz1)th iteration, is unknown because

Df k1 , Df
k
2 and Df k3 are unknown. Next, substituting right

hand side of equation (22) in the place of p�m
� �kz1

,

equations (24), (25) and (26) are rewritten as

X3
m~1

p�m
� �k

z
L p�mð Þk
Lf1

Df k1 z
L p�mð Þk
Lf2

Df k2 z
L p�mð Þk
Lf3

Df k3 {1

� �
|

L p�mð ÞkzL p�mð Þk
Lf1

Df k
1
z

L p�mð Þk
Lf2

Df k
2
z

L p�mð Þk
Lf3

Df k
3

h i
Lf1

8>>><
>>>:

9>>>=
>>>;

~0 (27)

X3
m~1

p�m
� �k

z
L p�mð Þk
Lf1

Df k1 z
L p�mð Þk
Lf2

Df k2 z
L p�mð Þk
Lf3

Df k3 {1

� �
|

L p�mð ÞkzL p�mð Þk
Lf1

Df k
1
z

L p�mð Þk
Lf2

Df k
2
z

L p�mð Þk
Lf3

Df k
3

h i
Lf2

8>>><
>>>:

9>>>=
>>>;

~0 (28)

X3
m~1

p�m
� �k

z
L p�mð Þk
Lf1

Df k1 z
L p�mð Þk
Lf2

Df k2 z
L p�mð Þk
Lf3

Df k3 {1

� �
|

L p�mð ÞkzL p�mð Þk
Lf1

Df k
1
z

L p�mð Þk
Lf2

Df k
2
z

L p�mð Þk
Lf3

Df k
3

h i
Lf3

8>>><
>>>:

9>>>=
>>>;

~0 (29)

neglecting higher order differentials, e.g. L
Lf1

L p�mð Þk
Lf1

Df k1

� �
etc., equations (27), (28) and (29) are further simplified as

X3
m~1

p�m
� �k

z
L p�m
� �k
Lf1

Df k1 z
L p�m
� �k
Lf2

Df k2 z
L p�m
� �k
Lf3

Df k3 {1

" #
L p�m
� �k
Lf1

( )
~0 (30)

X3
m~1

p�m
� �k

z
L p�m
� �k
Lf1

Df k1 z
L p�m
� �k
Lf2

Df k2 z
L p�m
� �k
Lf3

Df k3 {1

" #
L p�m
� �k
Lf2

( )
~0 (31)

X3
m~1

p�m
� �k

z
L p�m
� �k
Lf1

Df k1 z
L p�m
� �k
Lf2

Df k2 z
L p�m
� �k
Lf3

Df k3 {1

" #
L p�m
� �k
Lf3

( )
~0 (32)

equations (30), (31) and (32) are next rearranged as

5 Computed values of p*m and w*m using optimied set of

k*, m* and g for all values of NHI

6 Computed temperature and velocity fields: length of black

arrow shows magnitude of velocities and solid lines show

isotherms; welding parameters P55200 W, rb51.35 mm

and t515 s (NHI551.85, data set #6 in Table 1)

(30)

(31)

(32)

(27)

(28)

(29)

De and DebRoy Heat and fluid flow calculation during conduction mode laser spot welding

Science and Technology of Welding and Joining 2006 VOL 11 NO 2 151



P
ub

lis
he

d 
by

 M
an

ey
 P

ub
lis

hi
ng

 (
c)

 IO
M

 C
om

m
un

ic
at

io
ns

 L
td

X3
m~1

L p�m
� �k
Lf1

L p�m
� �k
Lf1

" #
Df k1 z

X3
m~1

L p�m
� �k
Lf1

L p�m
� �k
Lf2

" #
Df k2

z
X3
m~1

L p�m
� �k
Lf1

L p�m
� �k
Lf3

" #
Df k3

~{
X3
m~1

L p�m
� �k
Lf1

p�m
� �k

{1
h i( )

(33)

X3
m~1

L p�m
� �k
Lf2

L p�m
� �k
Lf1

" #
Df k1 z

X3
m~1

L p�m
� �k
Lf2

L p�m
� �k
Lf2

" #
Df k2

z
X3
m~1

L p�m
� �k
Lf2

L p�m
� �k
Lf3

" #
Df k3

~{
X3
m~1

L p�m
� �k
Lf2

p�m
� �k

{1
h i( )

(34)

X3
m~1

L p�m
� �k
Lf3

L p�m
� �k
Lf1

" #
Df k1 z

X3
m~1

L p�m
� �k
Lf3

L p�m
� �k
Lf2

" #
Df k2

z
X3
m~1

L p�m
� �k
Lf3

L p�m
� �k
Lf3

" #
Df k3

~{
X3
m~1

L p�m
� �k
Lf3

p�m
� �k

{1
h i( )

(35)

equations (33), (34) and (35) can be expressed in matrix
form as

S½ � Df k
	 


~{ S�f g (36)

where

½S�~

S11 S12 S13

S21 S22 S23

S31 S32 S33

2
664

3
775

~

P3
m~1

L p�mð Þk
Lf1

L p�mð Þk
Lf1

P3
m~1

L p�mð Þk
Lf1

L p�mð Þk
Lf2

P3
m~1

L p�mð Þk
Lf1

L p�mð Þk
Lf3

P3
m~1

L p�mð Þk
Lf2

L p�mð Þk
Lf1

P3
m~1

L p�mð Þk
Lf2

L p�mð Þk
Lf2

P3
m~1

L p�mð Þk
Lf2

L p�mð Þk
Lf3

P3
m~1

L p�mð Þk
Lf3

L p�mð Þk
Lf1

P3
m~1

L p�mð Þk
Lf3

L p�mð Þk
Lf2

P3
m~1

L p�mð Þk
Lf3

L p�mð Þk
Lf3

2
6666666664

3
7777777775

(37)

and

S�f g~

S
p
1

S
p
2

S
p
3

8>><
>>:

9>>=
>>;~

P3
m~1

L p�mð Þk
Lf1

p�m
� �k

{1
h i

P3
m~1

L p�mð Þk
Lf2

p�m
� �k

{1
h i

P3
m~1

L p�mð Þk
Lf3

p�m
� �k

{1
h i

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(38)

Df k
	 


~

Df k1

Df k2

Df k3

8>><
>>:

9>>=
>>; (39)

therefore, equations (19), (20) and (21) are modified to
equation (36) where the three unknown incremental

terms Df k1 , Df
k
2 and Df k3 are explicitly defined in terms of

the known quantities. The solution of Df k1 , Df
k
2 and Df k3

are used next to obtain f kz1
1 , f kz1

2 and f kz1
3 [equation

(23)] that are employed to compute pcm
� �kz1

using the

numerical heat transfer and fluid flow model. Next,
O(f)kz1 is calculated as

O(f )kz1~
X3
m~1

p�m
� �kz1

{1
h i2

(40)

values of f1, f2 and f3 are assumed to reach optimum
when the calculated value of O( f )kz1 is smaller than a
predefined small number. For the two dependent
variables p�m and w�

m, and any M number of independent

measurements, equation (37) is modified as

S½ �~
S11 S12 S13

S21 S22 S23

S31 S32 S33

2
64

3
75 (41)

where

Sij~
XM
m~1

L p�m
� �k
Lfi

L p�m
� �k
Lfj

z
L w�

m

� �k
Lfi

L w�
m

� �k
Lfj

" #

for i,j~1 to 3

(42)

equation (38) will be modified as

S�f g~

S
pw
1

S
pw
2

S
pw
3

8>><
>>:

9>>=
>>;~

PM
m~1

L p�mð Þk
Lf1

p�m
� �k

{1
� �

z
L w�

mð Þk
Lf1

w�
m

� �k
{1

� �� �

PM
m~1

L p�mð Þk
Lf2

p�m
� �k

{1
� �

z
L w�

mð Þk
Lf2

w�
m

� �k
{1

� �� �

PM
m~1

L p�mð Þk
Lf3

p�m
� �k

{1
� �

z
L w�

mð Þk
Lf3

w�
m

� �k
{1

� �� �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(43)

equations (23) and (39) do not change because
the number of unknown parameters remains
three. Furthermore, the sensitivity terms such as

L p�m
� �k.Lfi or L w�

m

� �k.Lfi (for i51 to 3) in equation

(36) often tend to be very small as the values of the
unknown parameters f1, f2 and f3 move close to the
optimum. As a result, the matrix [S] tends to become
singular. To avoid numerical instability, equation (36) is
further modified following LM method as

S½ �zlIð Þ Df k
	 


~{ S�f g (44)

where l is a scalar damping coefficient, usually y0.001,
and I is a diagonal matrix given by42

I~

S11 0 0

0 S22 0

0 0 S33

2
64

3
75 (45)

the product lI in equation (44) ensures that the left hand
term in equation (44) will remain non-zero even though
the determinant of the matrix [S] is 0. The value of l is
usually increased or decreased by a factor of 10 as the
value of the objective function in subsequent iterations

(37)
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increases or decreases. This, in effect, ensures the
reduction or enhancement in step size as the solution
respectively tends to diverge or converge. The algorithm
of the complete procedure using LM method can be
presented as follows
Step 1: guess initial values (e.g. kth) of unknown

variables set, {f ki } for i51,3 from equation (12).
Step 2: choose initial value of damping factor l.
Step 3: compute the value of the objective function

O( fk) from equation (11).
Step 4: solve for the set of unknown increments {Df ki }

for i51,3 from equation (44).
Step 5: compute {f kz1

i } for i51, 3 from equation (23).
Step 6: compute O( fkz1) from equation (11).
Step 7: if O( fkz1)>O( fk), set l510 l; reject {f kz1

i };
go back to step 4.
Step 8: if O( fkz1),O( fk), set l50.1 l.
Step 9: exit if O(fkz1)2O(fk)(e1 and {f kz1

i }2{f ki }
(e2; or go back to step 4. e1 and e2 are two small,
predefined numbers.
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